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A thermomechanical analysis of a semi-infinite elastic solid in contact with a rigid adiabatic sphere sub-
jected to oscillatory sliding motion is conducted to investigate the effects of transient mechanical and
thermomechanical loads on the temperature variation in the solid. The interdependent mechanical and
thermal analyses are coupled by an iteration scheme using the transfer matrix method combined with
the finite element technique. The significance of interaction among heat generation, temperature rise
and contact conditions are interpreted in light of numerical results. It is shown that the constraint of
the thermal expansion in the indentation direction between the contacting bodies plays a significant role
in the increase of contact pressure and heat generation, which in turn affect the temperature rise and
thermal expansion.
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1. Introduction

Frictional heating and resulting temperature rise at sliding
interfaces is of great importance in a wide variety of engineering
applications, such as journal bearings, pin joints and automotive
brake system. The frictional heat is a function of friction coefficient,
sliding velocity and contact pressure. As the frictional heat flows
into the contacting bodies, the contact area changes due to thermal
expansion, resulting in the change of the contact pressure, which in
turn further intensifies the heat generation and temperature. The
cycle of frictional heating leading to thermal expansion and higher
contact pressures and temperature often becomes unstable and
causes component failure. Thermoelastic instability, hot spotting,
seizure, cracking and thermal blistering are all in effect a manifes-
tation of unstable thermal runaway brought about as a result of
thermomechanical interaction of contacting bodies.

A review of published literature reveals significant advances
have been made in the analytical treatment of thermomechanical
responses in sliding contact. Pioneering work in this area began
by the early contribution of Blok [1] and Jaegar [2] on the treat-
ment of the temperature rise of a semi-infinite body and has con-
tinued by many other researchers thereafter. For example, Tian and
Kennedy [3], Liu et al. [4] presented the solutions for temperature
rise in semi-infinite body with unidirectional sliding motion, and
Hirano and Yoshida [5], Wen and Khonsari [6] developed the solu-
tions for the oscillatory sliding case. The thermomechanical analy-
ses of a half space under given heat source with unidirectional
009 Published by Elsevier Ltd. All r
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sliding motion are presented by Ju and Farris [7], Liu and Wang
[8], Martini et al. [9] and Gong and Komvopoulos [10]. In all of
these studies, the distributions of the heat sources were decoupled
from the mechanical response of the deformed solid. The heat flux
was assumed to be unaffected by the mechanical distortion due to
the thermal expansion.

To consider the concomitant effects of mechanical and thermal
response, Liu and Wang [11,12] developed two- and three-dimen-
sional thermoelastic contact models of two infinitely large surfaces
to account for the thermal effects on the mechanical response for
steady state heat transfer. They later extended the analysis to a
three-dimensional thermomechanical model of nonconforming
contact [13]. By performing a fully coupled finite element analysis,
Ye and Komvopoulos [14] examined the simultaneous effects of
mechanical and thermal surface load on the deformation of elas-
tic–plastic layered media. Gong and Komvopoulos [15] analyzed
an elastic–plastic media with patterned surface in contact with a
rigid sphere to study the effects of friction coefficient, sphere ra-
dius and repetitive sliding on the contact stress and deformation
fields.

The great majority of published literature contains very useful
information and insight into the temperature and thermomechan-
ical fields in solids due to the unidirectional moving heat sources or
sliding rough surfaces. Nevertheless, a comprehensive study of
transient temperature variation for an oscillatory sliding contact
with the thermomechanical effects is still lacking.

In the current study, a thermomechanical analysis of a semi-
infinite elastic solid in contact with a rigid adiabatic sphere sub-
jected to oscillatory sliding motion is conducted to investigate
the effects of transient heat transfer and thermomechanical loads
ights reserved.
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Nomenclature

A oscillating amplitude (m)
A coefficient matrix associated with initial condition
c specific heat (J/kg K)
C capacitance matrix
d, di indentation depth and initial indentation depth, respec-

tively (m)
f oscillating frequency (Hz)
F heat load vector including heat flux and convection
h convective heat transfer coefficient (W/m2 K)
H exponential matrix
I identity matrix
k thermal conductivity (w/m K)
K conductance matrix
M coefficient matrix associated with boundary conditions
n unit normal outward to the boundary C
N vector of shape functions for element
N, Nq, Nh node number of the model, contact element number,

and number of convective surfaces, respectively.
p, p0 contact pressure and average contact pressure, respec-

tively (N/m2)
q,�q, q0 general flux, prescribed boundary condition of heat flux

and average flux, respectively, (W/m2)
Q total heat generated in the contact interface (W)

t, tk time and the time at kth step (s)
T, T, T(0), �T , T1 field temperature, vector of field temperature T,

initial temperature, prescribed surface temperature,
and ambient temperature, respectively (�C)

t oscillating velocity (m/s)
x coordinate vector (x, y, z) (m)
a thermal expansion (1/K)
j thermal diffusivity, j = k/qc (m2/s)
s step time (s)
q density (kg/m3)
dij Kronecker delta
CT, Cq, Ch surface C with prescribed temperature, heat flux and

convection, respectively
l friction coefficient
x angular frequency (rad/s)
X domain considered

Superscripts
e element
(k) iteration number
T transpose of matrix
�1 inversion of matrix
i initial value of parameters
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Fig. 1. A semi-infinite body in contact with a rigid ball with oscillatory motion.
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on the temperature variation in the solid. The interdependent
mechanical and thermal analyses are coupled by an iteration
method using the developed transfer matrix method combined
with the finite element technique. The analysis provides a practical
method for solving problems that involve thermomechanical
coupling (TMC) in the oscillatory contact. The significance of inter-
action among heat generation, temperature rise and contact condi-
tions are interpreted in light of numerical results. Simulation
results reveal that the constraint of the thermal expansion in the
indentation direction between the contact bodies plays a signifi-
cant role in the increase of contact pressure and heat generation,
which in turn affect temperature rise and thermal expansion.

2. Model development

2.1. Problem definition and finite element model

Consider an elastic semi-infinite solid in contact with an adia-
batic rigid sphere shown in Fig. 1. The load W is applied on the
sphere. The sphere oscillates back and forth along the x direction
on the surface of the half space. Heat is generated in the contact re-
gion due to friction. As the frictional heat flows into the semi-infinite
solid, the contact area and the distribution of the contact pressure
change due to thermal expansion, which in turn influences the heat
generation and temperature. Therefore, the semi-infinite solid is
subjected to interdependent thermal and mechanical loads along
its surface, requiring simultaneous consideration of these elements.

In the present study, the thermal and elastic parts of the contact
solution are treated independently and then combined together
through a numerical iteration scheme to obtain a thermomechan-
ical solution according to the following procedure:

(i) Thermoelastic analysis is performed to determine the con-
tact pressure and contact area. At the very beginning, the
temperature distribution in the solid stays in its initial con-
dition and thus no thermal load is applied.

(ii) Transient heat transfer analysis is conducted by using the
contact results from Step i to simulate the temperature dis-
tribution in the medium.
(iii) The sphere is moved according to a specified frequency and
oscillatory amplitude and Steps i and ii are repeated until
either a steady state for temperature is reached or the max-
imum temperature exceeds 700 �C, indicating the possibility
of thermal induced failure by scuffing.

Fig. 2 shows the FEM model for the problem. Due to symmetry,
only one half of the sphere and the half space solid are considered.
The exactly same mesh is used for both the thermoelastic analysis
and the transient heat transfer analysis. The radius of the rigid
sphere is 5 mm, and the dimensions of the solid are 11.7 �
3.15 � 4 mm. The model contains 29,176 nodes and 25,895
eight-node hexahedral elements. Very fine mesh is used at the con-
tact surface to catch the high temperature gradient near the heat-
ing region and increase the accuracy in the calculation of contact
area and contact pressure.

2.2. Nonlinear thermoelastic analysis

The oscillating motion of the sphere is simulated by moving the
sphere along the sliding direction in an incremental fashion. At
each oscillatory step, a nonlinear thermoelastic analysis for the
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Fig. 2. FEM model of the problem.
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contact between the sphere and half space solid is performed by
using the finite element method based on the commercial software
ABAQUS to determine the contact pressure and the deformation in
the solid. The nodes on the bottom surface are fixed against dis-
placement in the x and z directions. The nodes on the symmetric
plane are fixed against displacement in the y direction. The sphere
is treated as an adiabatic body; therefore, it is only necessary to
consider the thermomechanical effects on the semi-infinite solid.
Thus, the loads on the contacting bodies include the load on sphere
and the thermal load on the semi-infinite body in the form of the
nodal temperature obtained by the transient heat transfer analysis.
The thermal load results in thermal expansion depending on the
material property of the medium. At the first step, there is no tem-
perature variation in the solid and thus no thermal load exists.

In the present study, two types of loads are considered. In the
first case, the sphere is oscillating under a constant force W as illus-
trated in Fig. 1, where the sphere is allowed to move up and down
freely depending on the equilibrium between the applied load W
and the reaction force in the contact interface, such as in the pin-
on-disk device used in a tribometer. In the second case, the sphere
is pressed into the semi-infinite solid up to a very small specified
depth, d, and oscillates back and forth while keeping the sphere
fixed against displacement in the vertical direction. In the contact
region, the thermal expansion of the half space along the indenta-
tion direction is strictly constrained by the rigid sphere. An exam-
ple of the second situation is a journal bearing in which the
bushing OD is affixed to an external housing. In this case, the ther-
mal expansion of the bushing is constrained by the housing.

2.3. Transient heat transfer by transfer matrix method

The transfer matrix method provides an efficient method to
process heat transfer problems in presence of moving heat sources
[16]. In this paper, the transient temperature is simulated by the
transfer matrix method associated with the finite element method.
Since the sphere is treated as an adiabatic body, heat conduction
occurs only in the half space solid. In the transient heat transfer
analysis, zero temperature is prescribed on the bottom surface
and the side surfaces of the solid as shown in Fig. 2. The contact
surface is subject to the frictional heating and the rest of the top
surface undergoes the convective cooling.

2.3.1. Formulation of the transfer matrix method
The general equation governing a transient temperature field T

(x, t) in a domain X with a boundary C as illustrated in Fig. 1 or
Fig. 2 is:

r2Tðx; tÞ ¼ 1
j

_Tðx; tÞ; x 2 X; t > 0 ð1Þ

with the initial condition

Tðx;0Þ ¼ T ð0ÞðxÞ; x 2 X ð1aÞ

and the boundary conditions are given by

Tðx; tÞ ¼ �Tðx; tÞ; x 2 CT ð1bÞ
qðx; tÞ ¼ �qðx; tÞ; x 2 Cq ð1cÞ
qðx; tÞ ¼ hðT1 � TÞ; x 2 Ch ð1dÞ

where x is coordinate vector (x, y, z). The parameter t denotes the
time, and the super-dot stands for the derivative with respect to
time. Parameters j and k are the thermal diffusivity and the ther-
mal conductivity of the material, respectively. The heat flux q(x, t)
is defined as qðx; tÞ ¼ k oT

on, where n is the unit normal outward to
the boundary C. The parameter T(0)(x) represents the initial temper-
ature distribution. �Tðx; tÞ and �qðx; tÞ are the prescribed boundary
temperature on surface CT and heat flux on surface Cq, respectively.
The boundary surface Ch is subjected to convective cooling with the
heat transfer coefficient h, and the ambient temperature T1.

Using the standard finite element discretization procedure
[17,18], Eq. (1) yields the following system of equations in the ma-
trix form as

C _TðtÞ þ KTðtÞ ¼ FðtÞ ð2Þ
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where N is the shape function in the element of e. Xe and Ce denote
the element domain and the element surface if it is on the bound-
ary, respectively. Parameters q and c represent the density and spe-
cific heat of the material, respectively. The superscript T denotes the
matrix transpose.

Solving Eq. (2) yields the following iteration equation for the
heat transfer analysis as

Tðkþ1Þ ¼ ATðkÞ þMFðkÞ ð3Þ

with

A ¼ eHs ð3aÞ
M ¼ ðI� AÞK�1 ð3bÞ

and

H ¼ �C�1K ð3cÞ

where the superscript k represents the time step and s is the time
period from time tk to tk+1. A and M are the coefficient matrices
and I is the identity matrix. The superscript �1 denotes the matrix
inversion. F is the vector of the discretized heat load. For a model
having N nodes, Nh convective surfaces, and with the contact sur-
face divided into Nq small segmented elements, the dimension of
vector T is N, the dimension of vector F is Nh + Nq, and the dimen-
sions of matrices A and M are N � N and N � (Nh + Nq), respectively.

Physically, the coefficient matrix A demonstrates how heat con-
ducts inside the solid, and the coefficient matrix M shows how the
surface heat input contributes to the field temperature rise in the
solid. The load vector F includes two parts. One of them contains
the terms involved with the heat flux on the contact surface due
to the frictional heating and convective cooling. The other part con-
sists of the terms of the ambient temperature on the convective
boundary surfaces. In the present method, except �q and T1, the
other terms in Eq. (2c) are multiplied into the corresponding col-
umns of matrix M in Eq. (3). Therefore, vector F in Eq. (3) only con-
tains the values of the heat fluxes, corresponding to each small
surface element on the discretized contact surface, and the ambi-
ent temperatures corresponding to the boundary surfaces sub-
jected to convective cooling. The heat flux on each small surface
element is evaluated by the following Eq. (4).

q ¼
�q Elements 2 Contact region
hðT1 � TÞ Elements R Contact region

�
ð4Þ

where the parameter T represents the average temperatures of
small segmented elements on the contact surface. Whether a sur-
face element lies inside the contact region or not is determined
by the contact pressure obtained in the thermoelastic analysis. If
the contact pressure is not equal to zero, the corresponding surface
element is in contact with the sphere and the frictional heat �q is ap-
plied on it, otherwise, the surface is not in contact with the sphere
and undergoes the convective cooling.

For a sinusoidal oscillation of the heat source in the form of

tðtÞ ¼ Ax sinðxtÞ ð5Þ

with

x ¼ 2pf ð5aÞ
where f is the oscillating frequency and A is the oscillating
amplitude.

If all the heat dissipated in the frictional contact is converted
into heat, the frictional heat flux and the total heat generated in
the contact interface can be given as Eqs. (6a) and (6b),
respectively.

�q ¼ lpAxj sinðxtÞj ð6aÞ
Q ¼ lWcAxj sinðxtÞj ð6bÞ

where l denotes the friction coefficient. p is the contact pressure
and Wc represents the contact force.

2.3.2. Calculation of the coefficient matrices
The calculation of the coefficient matrices A and M is based on

using the commercial software ABAQUS. Examination of Eq. (3) re-
veals that matrices A and M can be treated as influence matrices.
Each of the column vectors of matrix A reflects how a unit nodal
temperature affects the field temperature inside the solid, and each
of the column vectors of matrix M reflects how a unit discretized
boundary flux or unit ambient temperature contributes to the field
temperature rise. Thus, in this paper, matrices A and M are indi-
rectly calculated by using Eq. (3). The method is described as
follows.

The matrix A can be obtained by N cycles of simulations with
the same time period s. For the ith (i = 1, 2, . . ., N) simulations,
the initial condition and boundary load are set to

ðTð0ÞÞi ¼ fdijg and F ¼ f0g ð7Þ

where dij is the Kronecker delta, and j = 1, 2, . . ., N, are the index to
the entries of the vector T(0). The result T(1) is the ith column of ma-
trix A.

Similarly, the matrix M can be evaluated by performing Nh + Nq

cycles of simulations with the same time period s as that used in
calculation of matrix A. For the ith (i = 1, 2, . . ., Nh + Nq) simulations,
the following initial condition and boundary load are applied

Tð0Þ ¼ f0g and ðFÞi ¼ fdijg ð8Þ

where j = 1, 2, . . ., Nh + Nq are the index to the entries of the vector F.
The result T(1) is the ith column of matrix M.

After N + Nh + Nq cycles of simulations, the coefficient matrices
A and M are obtained. It is noted that A and M keep constant for
different heat sources and need to be calculated only once. Once
they are determined, the transient temperature distribution in
the half space at each time step tk is easily calculated from Eq.
(3). The procedure is to start from the initial condition T(0) and to
assign different values of heat fluxes to the components of vector
F(k) at each time step tk. This can be evaluated by Eq. (4), according
to the oscillatory motion of the sphere, which have been evaluated
in the thermoelastic analysis. The final temperature is normalized
using the following relationship.

T̂ ¼ Tk
2Rq0

ð9Þ

where R is the contact radius. q0 = lp0Ax. The parameter p0 is the
average contact pressure. For thermoelastic analysis, p0 and R will
be the initial contact pressure and corresponding contact radius
due to the indentation, respectively.

3. Solution algorithm

A computer program is developed using the procedure de-
scribed in Sections 2.1–2.3. Fig. 3 presents the flow chart of the ba-
sic steps of the simulation algorithm. First, the coefficient matrices
A and M are evaluated. Then, beginning with a static thermoelastic
analysis with consideration of thermal expansion (except in the
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first iteration, where is no temperature change and thus no
thermal expansion), the results of contact pressure are used to cal-
culate the heat flux by Eq. (6a), which is assigned to the corre-
sponding components of the load vector F according to Eq. (4). At
the same time, using the temperature result at the previous step
as the pseudo-initial temperature or using the initial condition
for the first step, the transient temperature after one cycle with
the time period s is obtained by solving Eq. (3). The thermome-
chanical response in the semi-infinite solid is simulated by moving
the sphere according to the specified oscillating motion, updating
the nodal temperature load in the semi-infinite solid, and repeat-
ing the thermoelastic analysis followed by a thermal analysis, until
either a steady state for temperature is reached or the maximum
temperature exceeds 700 �C, indicating scuffing failure.

4. Model validation

To evaluate the accuracy of the present model, a normal contact
and an oscillatory sliding heat source are simulated. Table 1 lists
the parameters used in the simulations. Fig. 4(a) shows the com-
parison between the finite element results and Hertz analytical
solution [19] for an elastic half space indented by a rigid sphere un-
der different loads. The contact pressure is normalized by the max-
imum Hertz contact pressure (Pm)Hertz and the coordinate by Hertz
contact radius RHertz. Both results are in good agreement.

If the sphere oscillates back and forth along the surface of the
half space according to Eq. (5), the contact pressure shown in
Table 1
Parameters used in the analysis.

Density, q (kg/m3) 7865
Specific heat, c (J/kg K) 460
Thermal conductivity, k (W/m K) 58
Elastic modulus, E (GPa) 200
Poisson ratio, v 0.3
Thermal expansion, a (1/K) 1.15 � 10�5

Heat transfer coefficient, h (W/m2 K) 40
Oscillating frequency, f (Hz) 10
Oscillating amplitude, A (mm) 2.0
Friction coefficient, l 0.2
Fig. 4(a) yields a parabolic heat source described by the following
expression.

qðr; tÞ ¼ 3
2

q0ð1� r2=R2Þ1=2j sinðxtÞj ð10Þ

where R is the contact radius. q0 is the average heat flux as

q0 ¼
lWAx
pR2 ð10aÞ

Without thermomechanical consideration, and with the origin
of the coordinate system set at the neural position of the oscilla-
tory motion, the transient temperature at a point (x, y, z) for a par-
abolic heat source, Eq. (10), oscillating along the x direction
according to Eq. (5) on the surface of a half spaces is given in [6] as:

Tðx;y;z;tÞ¼ 3q0

8qcðpaÞ3=2

Z t

s¼0

jsinðxðt�sÞÞjds
s3=2

Z 2p

h¼0

Z R

r¼0
ð1�ðr=RÞ2Þ1=2 exp

� �½x�Acosðxðt�sÞÞ�rcosðhÞ�2þðy�rsinðhÞÞ2þz2

4as

 !
rdrdh

ð11Þ

The temperature distribution of a half space under a oscillating par-
abolic heat source in Eq. (10) is simulated using the present transfer
matrix method. The result is compared with the analytical solution
by Eq. (11) from Ref. [6]. Fig. 4(b) presents the comparison of the
surface temperature distributions along the oscillating direction
as obtained by the present method and those by Eq. (11) when
the temperature at the oscillatory center reaches its maximum va-
lue. In this figure, as well as in the subsequent figures, the temper-
ature is normalized by 2Rq0/k, and the coordinate is normalized by
the contact radius R. It can be seen from Fig. 4(b) that both results
are in good agreement.

Favorable comparisons of the results shown in Fig 4 with the
analytical solutions indicate the suitability of the finite element
model and appropriateness of the presented method for the ther-
momechanical analysis of the problem proposed in Section 2.
5. Results and discussion

In this section, the thermomechanical response of the semi-infi-
nite solid in contact with a sphere oscillating back and forth is
studied. Two types of loads on the sphere are considered: constant
applied force, W = 1000 N, and fixed the displacement of the sphere
in the vertical direction after pressing it into the semi-infinite solid
up to a very small specified depth. Both loads on the sphere yield
the same contact condition at the initial time; that is, the same dis-
tribution of contact pressure in the same contact area. During the
oscillation, the sphere in the first case is allowed to move freely
in the vertical direction depending on the equilibrium between
the applied force and the resulted contact force. But in the second
case, the sphere is fixed against displacement in the vertical direc-
tion. An example of first case is commonly met in a typical pin-on-
disk device used in the tribology research laboratory. There are also
many applications that experience conditions that can be modeled
as the second case such as a journal bearing with its bushing fixed
inside an external housing in the manner that its thermal expan-
sion is constrained.

The results for the heat transfer analysis without the thermo-
mechanical interaction are presented to establish a reference for
comparison with the results of the thermomechanical analysis.
The semi-infinite solid in the heat transfer analysis without the
thermomechanical interaction is subjected to the same oscillatory
heat source on its top surface as the initial frictional heat flux in the
thermoelastic cases. Both cases are simulated until the steady state
temperature is reached. The steady state temperature results
correspond to the maximum temperature rise in the solid. In the
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presented study, a steady state condition is assumed once the
change in the maximum temperature, computed between consec-
utive cycles, is less than 10�4. For the periodic oscillatory contact,
the temperature result when the sphere or the frictional heat
source oscillates from the extreme left to the extreme right is sym-
metric with corresponding result when the sphere oscillates from
the extreme right to the extreme left along the axis through the
oscillatory center and perpendicular to the sliding direction. There-
fore, only the results corresponding to sphere oscillating from the
left to the right are presented in the following Case I and II. The
same parameters listed in Table 1 are used.

5.1. Case 1. Oscillatory contact under constant load

In this case, the sphere oscillates along the x direction in contact
with a semi-infinite solid under the constant load W = 1000 N as
illustrated in Fig. 2. The sphere can move freely in the vertical
direction depending on the contact force. The results are compared
with those for the heat transfer without the thermomechanical
consideration.

Fig. 5(a) shows the dimensionless temperature contour for the
heat transfer without thermomechanical interaction. Fig. 5(b) in-
cludes thermomechanical coupling. Fig. 5 illustrates that the con-
tact temperature is slight higher when the thermomechanical
interaction is taken into account. The same characteristic is illus-
trated in Fig. 6. Fig. 6(a) presents the comparison of the surface
temperature distributions along the sliding direction with and
without TMC when the sphere oscillates to the five different loca-
tions, xR = �A, �0.5A, 0, 0.5A, A, from the left to the right. Fig. 6(b)
shows more clearly the distribution of the contact temperature
when the sphere is at the oscillatory center. It can be seen from
Figs. 5 and 6 that the thermal expansion in Case I only has a little
effect on the temperature rise in the contact region, a slight rise
and small shift of the maximum contact temperature to the left
as shown in Fig. 6(b). The slight increase of the maximum contact
temperature due to the thermal expansion becomes negligible
when the sphere oscillates to the locations at or near both oscilla-
tory ends as shown in Fig. 6(a).
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Fig. 7 shows that the variation of the indentation depth or the
downward displacement of the sphere and the maximum contact
pressure with the dimensionless maximum contact temperature,
respectively. The initial indentation depth di and the initial maxi-
mum contact pressure pmi are used to normalize the indentation
depth and the pressure, respectively. Fig. 7(a) reveals a linear
decrease in the indentation depth with the maximum contact
temperature to values less than its initial value. Fig. 7(b) demon-
strates a linear increase in the peak contact pressure with the max-
imum contact temperature to values greater than its initial value.

In the case of the oscillatory contact under the constant load W,
the thermal expansion due to the temperature rise in the half space
results in an outward expansion of the contact surface. This out-
ward expansion of the contact surface ‘‘lifts” the sphere up, reduces
the indentation depth as shown in Fig. 7(a) and leads to a slight de-
crease of the contact area. The simulation results reveal that the
thermal expansion of the half space results in a decrease of the
contact area by 3.8%, except at the locations close to both oscilla-
tory ends where the contact area keeps nearly the same as its ini-
tial value due to the low temperature rise as shown in Fig 6(a) at
xR = ±A. The slight decrease of the contact area results in the in-
crease of the maximum value of the contact pressure shown in
Fig. 7(b), which in turn affects the contact temperature illustrated
in Figs. 5 and 6. Since the total heat generated in the contact inter-
face, evaluated by Eq. (6b), remains unchanged in comparison with
the heat transfer analysis without thermaomechanical interaction,
the thermal expansion has only little effect on the temperature in
the half space solid. Such effects mainly focus in the contact region
shown in Fig. 6(b) when the sphere oscillates to the locations near
or at the oscillatory center shown in Fig. 6(a).

5.2. Case II. Oscillatory contact with the sphere fixed against
displacement in vertical direction

Similar simulation as in Case I is performed, where the sphere
oscillates along the x direction in contact with a semi-infinite solid,
but the sphere is fixed against in vertical direction after pressed
into the semi-infinite solid up to a very small specified depth.
The indentation yields the same initial contact pressure as that
in Case I and the same contact force Wc = 1000 N. The results are
compared with those in Case I.

Fig. 8 shows the dimensionless temperature contour for Case II
when the sphere oscillates from the left to the right relative to the
neutral position. The same behaviors as those in Fig. 5 are observed
in Fig. 8 but with a higher surface temperature. Fig. 9(a) presents
the comparison of the surface temperature distributions between
Case I and Case II when the sphere oscillates to the five different
locations, xR = �A, �0.5A, 0, 0.5A, A, from the left to the right.
Fig. 9(b) shows the effect of the thermal expansion in Case II on
the temperature distribution compared with the temperature dis-
tribution in Case I and the result without TMC along the oscillatory
direction when the sphere is at the oscillatory center. Figs. 8 and 9
illustrate that the thermal expansion in Case II affects the surface
temperature in the entire region covered by the oscillatory sphere
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Fig. 8. Dimensionless temperature contour when the sphere oscillates to the
oscillatory center from the left to the right for the oscillatory contact with the
sphere fixed against displacement in vertical direction. The temperature is
normalized by 2Rq0/k. R and q0 are the initial contact radius and the initial average
heat flux, respectively.

Tk/2Rq
0

0.0               0.1               0.2               0.3               0.4                0.5              0.6

P
m

P
m

i

1.00

1.02

1.04

1.06

1.08

1.10

1.12

Case II

Case I

(a) 

W
c/

W
ci

1.14

1.16

1.18

1.20

1.22(b) 

J. Wen, M.M. Khonsari / International Journal of Heat and Mass Transfer 52 (2009) 4390–4399 4397
and such effect becomes more significant when the sphere oscil-
lates close to the oscillatory center as shown in Figs. 8 and 9.

Fig. 10 shows the variation of the maximum contact pressure
and the contact force with the dimensionless maximum contact
temperature, respectively. The pressure is normalized by the initial
maximum contact pressure pmi, and the force by the initial contact
force Wci. Fig. 10(a) demonstrates a faster rate of increase in the
peak contact pressure with the maximum contact temperature to
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Case II along the sliding direction. (a) When the sphere/heat source is at the
different locations. (b) When the sphere/heat source is at the oscillatory center. The
origin is located at the neutral position of the oscillatory motion. q0 is the initial
average heat flux. A is the oscillatory amplitude.
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greater values in Case II than in Case I. The thermal expansion in
Case II additionally results in a significant increase of the contact
force as revealed in Fig. 10(b). The increase of the contact force will
results in an increase in the friction force, and thus an increase of
the heat generation and the power loss.

For the case with sphere fixed against displacement in the ver-
tical direction, the outward expansion of the contact surface due to
the temperature rise tends to lift the sphere up and reduce the
indentation depth in the half space. However, such a trend is con-
strained by the sphere, which is fixed against displacement in the
vertical direction, resulting in the greater increase of the contact
pressure shown in Fig. 10(a) and a concomitant rise in the contact
force shown in Fig. 10(b). Also, the outward expansion of the con-
tact surface due to the thermal expansion brings additional points
on the half space surface in contact with the sphere and thus in-
creases the contact area. The simulation results reveal that there
is a maximum 4.4% increase of the contact area. Due to more sig-
nificant increase of the contact force shown Fig. 10(b), the contact
pressure and the heat generation increase greatly, resulting in a
higher rise of the surface temperature.

Table 2 presents the comparison of the thermomechanical ef-
fects on the contact area, maximum contact pressure, contact force
and temperature between Case I and Case II, where the values rep-
resent the increase percentage of the parameters by comparing
with those obtained without consideration of the thermomechan-
ical effects. Therefore, the negative contact area in Table 2 means a
decrease in the contact area in Case I when compared with that



Table 2
Increase percentage of parameters with respect to those without thermoelastic effect.

Contact area (%) Max. contact
pressure (%)

Max. contact
force (%)

Max. temperature (%)

Case I �3.8 4.8 0 2.1
Case II +4.4 12.0 21.3 14.8
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without the thermomechanical effects. It can be seen that the ther-
mal expansion in Case II plays a significant role on the temperature
rise, much more than that in Case I. Therefore, more care should be
taken when the thermal expansion in an oscillatory contact is con-
strained due to the structural configuration of the system. For
example, when dealing with journal bearings that experiences
oscillatory motion, with the busing constrained by an external
housing, the thermal expansion of the shaft and bushing could re-
sult in the loss of the clearance. A complete loss of the designed
clearance between the shaft and bushing may occur with the cat-
astrophic seizure [20,21].

In the above two cases, Cases I and II, the steady state for tem-
perature can be reached. There also exist some other situations
where a very large contact temperature is developed and that stea-
dy state temperature is not attained. The large temperature can be
indicative of the possibility of scuffing failure [22,23], which may
occur in the contacting bodies relatively oscillating at a high speed
under heavy load. In Case II, when increasing the oscillatory fre-
quency up to 13 Hz and keeping the rest operation parameters
the same, the maximum contact temperature can rise to over
700 �C after four cycles. The contour for the absolute temperature
is presented in Fig. 11, where the maximum temperature is 726 �C.

6. Conclusions

A thermomechanical model is developed to study the interac-
tion of a semi-infinite elastic solid in contact with a rigid adiabatic
sphere subjected to oscillatory sliding motion. The thermal and
mechanical parts of the contact solution are treated independently
and then combined together through a numerical iteration scheme
to obtain a thermomechanical solution. In the presented simula-
tions, the distribution of the transient temperature is calculated
efficiently by the transfer matrix method. The model makes it prac-
tical to handle the problems involving thermomechanical interac-
tion in oscillatory contacts, where simulations using the direct
approach could become computationally prohibitive.

In the case of the oscillatory contact under a constant applied
force, the thermal expansion due to the temperature rise in the half
space results in an outward expansion of the contact surface. This
expansion tends to lift the sphere up, reduces the indentation
depth, and thus leads to a slight decrease of the contact area.
Fig. 11. Contour for the absolute temperature for the case of possible scuffing
failure.
The slight decrease of the contact area results in the increase of
the maximum value of the contact pressure and the change of
the pressure distribution, which in turn affects the distribution of
the heat flux and the temperature rise in the contact region. Since
the total heat generated in the contact interface remains un-
changed in comparison with the heat transfer without thermome-
chanical effects, the thermal expansion has only little effect on the
temperature rise in the half space. Such effects mainly focus in the
contact region when the sphere oscillates to the locations near or
at the oscillatory center.

For the case of the oscillatory contact with the sphere fixed
against direction in the indentation direction, the outward expan-
sion of the contact surface due to the thermal expansion tends to
lift the sphere up and reduce the indentation depth of the sphere
into the half space. However, this trend is constrained by the
sphere, which is fixed against in the indentation direction, result-
ing in the significant increase of the contact pressure and contact
force. Also, the outward expansion of the contact surface due to
the thermal expansion brings additional points on the half space
surface in contact with the sphere and thus increases the contact
area. Due to the significant increase of the contact force, the con-
tact pressure and the heat generation increase greatly, resulting
in the higher rise of the surface temperature.

Therefore, whether the thermal expansion in the contact com-
ponents is constrained or not in the indentation direction plays a
significant role in the thermaomechanical interaction in the oscil-
latory contact. Care should be taken when the thermal expansion
in an oscillatory contact is constrained due to the structural config-
uration of the system to ensure that loss of clearance does not oc-
cur. This is a particularly important problem in journal bearings
undergoing oscillatory motion with their bushings constrained by
an external housing. Failure of proper consideration of thermome-
chanical interaction can result in a complete loss of the operating
clearance and a catastrophic seizure.
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